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Murad Alim
Abstract. An overview is given of the construction of a differential polyno-
mial ring of functions on the moduli space of Calabi-Yau threefolds. These
rings coincide with the rings of quasi modular forms for geometries with du-
ality groups for which these are known. They provide a generalization thereof
otherwise. Higher genus topological string amplitudes can be expressed in
terms of the generators of this ring giving them a global description in the
moduli space. An action of a duality exchanging large volume and conifold
loci in moduli space is discussed. The connection to quasi modular forms
is illustrated by the local P 2 geometry and its mirror, the generalization is
extended to several compact geometries with one-dimensional moduli spaces.
1. Motivation and summary
1.1. Motivation. The study of physical theories in families can be mapped
to the study of deformation families of geometries. This has lead to a very fruitful
interaction between mathematics and physics and to deep insights into both fields.
The study of deformation families of superconformal algebras lead for example
to mirror symmetry. Mirror symmetry identifies mirror families of Calabi-Yau
(CY) threefolds where the moduli space M of the family on one side the that of
comlpexified Ka¨hler forms of a CY X, on the other side it is the moduli space of
complex structures of the mirror CY threefold Xˇ.1
1.2. Summary. Using the special geometry of M, a special set of functions
can be defined which form a differential ring, i. e. they close under derivatives. This
ring was first put forward for the quintic and related Calabi-Yau geometries with
one-dimensional moduli spaces in Ref. [23] and generalized to arbitrary Calabi-
Yau manifolds in Ref. [3] and further studied in Refs. [4, 12]. This note gives an
overview as well as further examples applying the construction of Ref. [6], see also
[24]. Special choices of the generators of these polynomial rings are considered as
well as special coordinates. The resulting special polynomial rings coincide with
the known rings of quasi modular forms for cases where the duality group of the
Calabi-Yau is given by a subgroup of SL(2,Z) and provides a generalization thereof
in other cases.
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1Further background on mirror symmetry and references can be found in Ref. [2]
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2. Introduction
We start by briefly reviewing some notions of quasi modular forms.
2.1. Modular Forms. Let H be the upper half plane
(2.1) H = {τ ∈ C | Imτ > 0} .
There is an action of SL(2,R) on the upper half plane given by:
(2.2) τ 7→ aτ + b
cτ + d
,
(
a b
c d
)
∈ SL(2,R) .
A modular form is a meromorphic function on H which has the following transfor-
mation property
(2.3) f
(
aτ + b
cτ + d
)
= (cτ + d)
k
f(τ) ,
(
a b
c d
)
∈ Γ ⊂ SL(2,Z) ,
where Γ is a discrete subgroup of SL(2,Z).
The group PSL(2,Z) = SL(2,Z)/Z2 is generated by the two generators:
(2.4) T =
(
1 1
0 1
)
, S =
(
0 1
−1 0
)
.
Modular forms of PSL(2,Z) are invariant under T which translates to
(2.5) f(τ + 1) = f(τ) ⇒ f(τ) =
∞∑
i=0
aiq
i , q = exp(2piiτ) .
The S transformation τ 7→ − 1τ sometimes has an interpretation of an S-duality
in physical contexts, when τ is identified with a complexified coupling. Theories
invariant under S-duality are exceptional and often related to N = 4 theories as in
Ref. [22].
The quotient space PSL(2,Z)\H is an example of a moduli space, that of in-
equivalent elliptic curves obtained from the quotienting C by a lattice spanned by
1, τ . This moduli space is illustrated in Fig. 1 and has one cusp at i∞ which is iden-
tified with 0 by the S-transformation. Dualities of N = 2 theories are more inter-
esting in the sense that they correspond to the exchange of distinguished members
of deformation families which do not correspond to the same point in the moduli
space. An example of N = 2 duality of this kind is given in Ref. [20]. The analog
of this duality will be discussed in the following. It corresponds to the exchange
of different cusps in larger moduli spaces which are obtained from subgroups of
SL(2,Z).
2.2. Congruence subgroups. Consider the following subgroups of SL(2,Z)
(2.6) Γ0(N) =
{(
a b
c d
)
∈ SL(2,Z) | c ≡ 0 modN
}
.
The Fricke involution exchanges two different cusps in the fundamental domains
of these subgroups:
(2.7) WN : τ 7→ − 1
Nτ
,
the corresponding action on the quasi modular forms significantly facilitates ob-
taining the expansions of topological string amplitudes in different distinguished
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(a) PSL(2,Z) (b) Γ0(3)
Figure 1. Fundamental domains for PSL(2,Z) and Γ0(3).
The empty and full circles stand for cusps and elliptic points
respectively.
patches of moduli space. The fundamental domain of Γ0(3) is shown in Fig. 1.
This group will appear in the study of local P2.
2.3. Differential ring of quasi modular forms. One may ask what hap-
pens when we take a derivative of a modular form, suppose we are given the fol-
lowing modular form of weight 12:
(2.8) ∆(τ) = η24(τ) = q
∞∏
n=1
(1− qn)24 .
The following derivative defines a new function E2 on H
(2.9)
1
2pii
∂τ log ∆ = E2 ,
we may proceed by taking derivatives and casting the outcome in the following
form, which successively defines the functions E4 and E6:
1
2pii
∂τE2 =
1
12
(E22 − E4) ,(2.10)
1
2pii
∂τE4 =
1
3
(E2E4 − E6) ,(2.11)
1
2pii
∂τE6 =
1
2
(E2E6 − E24) .(2.12)
Something non-trivial happens in the third equation, where no new function is
generated, but instead the differential ring of functions closes. E4 and E6 are the
Eisenstein series and are modular forms of SL(2,Z) of weights 4 and 6, every higher
weight modular form can be written as a polynomial in these two. The function
E2 does not quite transform in a modular way as can be easily checked from the
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defining equation (2.9). It can be completed to a modular form by adding a non-
holomorphic piece:
(2.13) Ê2 = E2 − 3
piImτ
,
E2 is then called a quasi-modular form and Ê2 an almost holomorphic modular
form [15]. It is the analogous structure which can be defined using the special
geometry of Calabi-Yau threefolds which is the subject of this note.
3. Special geometry and holomorphic anomaly
3.1. Special geometry. Let M be the moduli space of a Calabi-Yau three-
fold, this can be the moduli space of complexified Ka¨hler forms of a CY X or the
moduli space of complex structures of the mirror Xˇ. M is a special Ka¨hler mani-
fold, which is a Ka¨hler manifold whose curvature can be expressed in a special form
described below. The special geometry of M can be best described using a bundle
H →M. Fixing a point on the base manifold, this bundle can be decomposed into
subbundles in the following way:
(3.1) H = L ⊕ (L ⊗ TM)⊕ (L ⊗ TM)⊕ L ,
where L is a line bundle on M, TM denotes the holomorphic tangent bundle and
the overline denotes complex conjugation. The change of base point onM changes
the decomposition of the bundleH. An example of the this structure is the variation
of Hodge structure on the B-side of mirror symmetry where H = H3(Xˇ,C) and
the decomposition into subbundles is the Hodge decomposition.
In the following we will use local coordinates xi , i = 1, . . . , n = dim (M) and
denote ∂i = ∂/∂x
i , ∂¯ = ∂/∂x¯
. e−K is a metric on L with connection Ki, it
provides a Ka¨hler form for a Ka¨hler metric on M, whose components and Levi-
Civita connection are given by:
(3.2) Gi¯ := ∂i∂¯K , Γ
k
ij = G
kk¯∂iGjk¯ .
The description of the change of the decomposition of H into subbundles, reminis-
cent of the chiral ring of CFT, is captured by the holomorphic Yukawa couplings
or threepoint functions
(3.3) Cijk ∈ Γ
(L2 ⊗ Sym3T ∗M) ,
giving the following expression for the curvature:
(3.4) R liı¯ j = [∂¯ı¯, Di]
l
j = ∂¯ı¯Γ
l
ij = δ
l
iGjı¯ + δ
l
jGiı¯ − CijkC
kl
ı¯ ,
where Di denotes the covariant derivative and:
(3.5) C
jk
ı¯ := e
2KGkk¯Gj¯C ı¯k¯¯.
We further introduce the objects Sij , Si, S, which are sections of L−2 ⊗ SymmTM
with m = 2, 1, 0, respectively, and give local potentials for the non-holomorphic
Yukawa couplings:
(3.6) ∂ı¯S
ij = C
ij
ı¯ , ∂ı¯S
j = Giı¯S
ij , ∂ı¯S = Giı¯S
i.
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3.2. Holomorphic anomaly equations. The topological string amplitudes
at genus g with n insertions Fgi1...in are defined in Ref. [8] are sections of the line
bundles L2−2g over M. These are only non-vanishing for (2g − 2 + n) > 0. They
are related recursively in n by
(3.7) DiF (g)i1···in = F
(g)
ii1···in ,
as well as in g by the holomorphic anomaly equation for g = 1 [7]
(3.8) ∂¯ı¯F (1)j =
1
2
CjklC
kl
ı¯ + (1−
χ
24
)Gjı¯ ,
where χ is the Euler character of the CY threefold. As well as for g > 2 [8]:
(3.9) ∂¯ı¯Fg = 1
2
C
jk
ı¯
(
g−1∑
r=1
DjF (r)DkF (g−r) +DjDkF (g−1)
)
.
3.3. Feynman diagram solution. BCOV showed that the higher genus am-
plitudes can be cast in terms of Feynman diagrams with propagators Sij , Si, S and
vertices Fgi1...in . To obtain that solution, the ∂i¯ derivatives are integrated on both
sides of Eq. (3.9) using
∂ı¯S
ij = C
ij
ı¯ ,
and the integrated special geometry relation which can be obtained from Eq. 3.4.
(3.10) Γlij = δ
l
iKj + δ
l
jKi − CijkSkl + slij ,
where slij are holomorphic functions.
4. Special polynomial rings
In the following it will be shown that using special geometry a differential ring
of functions on the moduli space can be defined.
4.1. Polynomial structure. In Ref. [23] it was shown that the topological
string amplitudes can be expressed as polynomials in finitely many generators of
differential ring of multi-derivatives of the connections of special geometry, it was
shown that there are relations among the infinitely many generators:
(4.1) (∂z)
pKz , (∂z)
pΓzzz , p = 0, . . . ,∞,
where z is a local coordinate onM. The purely holomorphic part of the amplitudes
as well as the holomorphic ambiguities were expressed as rational functions in z.
This construction was generalized in Ref. [3] for any CY manifold. It was
shown there that Fgi1,...,in is a polynomial of degree 3g − 3 + n in the generators
Sij , Si, S,Ki where degrees 1, 2, 3, 1 were assigned to these generators respectively.
The purely holomorphic part of the construction as well as the coefficients of the
monomials would be rational functions in the algebraic moduli.
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4.2. Special coordinates. In the following a special set of coordinates ta on
Mcplx, the complex structure moduli space of Xˇ will be discussed. The holomor-
phic (3, 0) form Ω(x) can be expanded in terms of a symplectic basis αI , β
J ∈
H3(Xˇ,Z) , I, J = 0, . . . n:
(4.2) Ω(x) = XI(x)αI + FJ(x)βJ .
The periods XI(x),FJ(x) satisfy the Picard–Fuchs equation of the B-model CY
family. XI can be identified with projective coordinates onM and FJ with deriva-
tives of a homogeneous function F(XI) of weight 2 such that FJ = ∂F(X
I)
∂XJ
. In a
patch where X0(x) 6= 0 a set of special coordinates can be defined
(4.3) ta =
Xa
X0
, a = 1, . . . , h2,1(Xˇ).
The normalized holomorphic (3, 0) form (X0)−1Ω(t) has the expansion:
(4.4) (X0)−1Ω(t) = α0 + taαa + βbFb(t) + (2F0(t)− tcFc(t))β0 ,
where
F0(t) = (X
0)−2F and Fa(t) := ∂aF0(t) = ∂F0(t)
∂ta
.
F0(t) is the prepotential. We furthermore have:
(4.5) Cabc = ∂a∂b∂cF0(t) .
4.3. Special rings. We now restrict to one dimensional moduli spaces and
introduce the differential rings of Ref. [6]. We consider the following polynomial
generators obtained from Szz, Sz, S
Stt = (∂zt)
2(X0)2 Szz , S˜t = (∂zt)(X
0)2 (Sz − SzzKz) ,
S˜0 = (X
0)2 (S − SzKz + 1
2
SzzKz) , Kt = (∂zt)
−1Kz ,(4.6)
Furthermore, a new coordinate is introduced on the moduli space:
(4.7) τ =
1
κ
∂tFt ,
where κ is the classical triple intersection of X. We define the following functions
on the moduli space:
K0 = κC
−1
ttt (θt)
−3 , G1 = θt , K2 = κC−1tttKt ,
T2 = S
tt , T4 = C
−1
ttt S˜
t , T6 = C
−2
ttt S˜0 ,
where θ := z∂z.
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The differential ring found in Ref. [3] can be translated to this choice of gener-
ators and coordinates giving the following ring [6]:
(4.8)
∂τK0 = −2K0K2 −K20 G21 (h˜zzzz + 3(szzz + 1)) ,
∂τG1 = 2G1K2 − κG1 T2 +K0G31(szzz + 1) ,
∂τK2 = 3K
2
2 − 3κK2 T2 − κ2T4 +K20 G41kzz −K0G21K2 h˜zzzz ,
∂τT2 = 2K2 T2 − κT 22 + 2κT4 +
1
κ
K20G
4
1h˜
z
zz ,
∂τT4 = 4K2T4 − 3κT2 T4 + 2κT6 −K0G21 T4h˜zzzz −
1
κ
K20 G
4
1 T2kzz +
1
κ2
K30 G
6
1h˜zz ,
∂τT6 = 6K2 T6 − 6κT2 T6 + κ
2
T 24 −
1
κ
K20 G
4
1 T4 kzz +
1
κ3
K40 G
8
1h˜z − 2K0G21 T6h˜zzzz .
An assumption which is confirmed in all studied examples is that there are choices
of the generators such that the functions h˜zzz, h˜zz, h˜z and h˜
z
zzz and kzz can be
expressed as rational functions in the algebraic modulus z. As a generator of the
rational functions we consider:
(4.9) C0 = θ log z
3Czzz ,
the derivative of this generator is computed to be:
(4.10) ∂τC0 = K0G
2
1 C0 (C0 + 1) .
The holomorphic anomaly equations in the polynomial formulation for F (g) =
(X0)2g−2 Fg now become [3, 6]:
(4.11)
∂F (g)
∂T2
− 1
κ
∂F (g)
∂T4
K2 +
1
2κ2
∂F (g)
∂T6
K22 =
1
2
g−1∑
r=1
∂tF
(g−r) ∂t F (r) +
1
2
∂2t F
(g−1) ,
and
(4.12)
∂F (g)
∂K2
= 0 .
The t derivative in Eq. (4.11) can be replaced by:
(4.13) ∂t = K
−1
0 G
−3
1 ∂τ .
F (g) is a polynomial of degree zero in the generators, obtained recursively from
Eqs. (4.11, 4.12) up to the addition of a rational function of the form
A(g) = Kg−10 P
(g)(C0),
where P (g) is a rational function in C0 chosen such that F
(g) respects the boundary
conditions.
5. Examples
5.1. Local P2. To fix the special polynomial ring we choose the following
rational functions in z in the construction of the ring (4.8)2
(5.1) szzz = −
4
3
+
1
6∆
, h˜zzz =
1
36∆2
, h˜zzzz =
1
2∆
,
2Multiplying (dividing) lower(upper) indices by z.
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with ∆ = 1 + 27z. The generators are T2, G1 and C0 these can be expressed in
terms of the generators of the ring of quasi modular forms of Γ0(3):
(5.2)
T2 =
1
8
(E2(τ) + 3E2(3τ)),
G1 = θ2(2τ)θ3(6τ) + θ2(6τ)θ3(2τ)
C0 = 27
(
η(3τ)
η(τ)
)12
.
We obtain the following ring [6]
∂τC0 = G
2
1 C0 ,(5.3)
∂τG1 =
1
6
(
2G1 T2 +G
3
1
(
C0 − 1
C0 + 1
))
,(5.4)
∂τT2 =
T 22
3
− G
4
1
12
.(5.5)
Genus 1. The genus 1 amplitude is found to be
(5.6)
F (1) = − 1
12
log
(
(θt)6z(1 + 27z)
)
= − 1
12
log
(
C0G
6
1
27(1 + C0)2
)
∂t F
(1) = −1
6
(1 + C0)G
−3
1 T2 .
Duality action and conifold expansion. The Fricke involution (2.7) on this
choice of generators becomes:
(5.7) T2 → 3τ2 T2 , G1 → −i
√
3 τ G1 , C0 → 1
C0
.
Using this duality transformation allows us to obtain the expansion of F (g) in terms
of the flat coordinate around the conifold singularity [6]. In terms of the latter the
gap condition can be imposed to solve for the holomorphic ambiguity. This was
first used in physically motivated example in Ref. [13]. For example at genus 2 we
find [6]:
(5.8) F (2) =
(1 + C0)
2 T2
(
3G41 − 9G21 T2 + 10T 22
)
432G61
− 11
17280
− 7
4320
C0 − 1
1080
C20 .
5.2. Compact geometries. In the following we give examples of the special
polynomial rings for compact geometries. We consider the geometries studied in
Ref. [17]. These are the quintic in P4, which is the classical example of mirror
symmetry of a compact geometry [9], as well as the sextic, octic and dectic in the
weighted projective spacesWP2,1,1,1,1,WP4,1,1,1,1 andWP5,2,1,1,1 respectively and
their mirror geometries. The polynomial rings for these geometries were considered
in Ref. [23] and were used in Ref. [14] for higher genus computations. The genus
0 data is given in Ref. [17]. The Yukawa coupling is given by 3
(5.9) Czzz =
κ
∆
, ∆ = (1− αz) .
3For the mirror manifolds in terms of an algebraic coordinate on the moduli space, and
adopting the convention of multiplying lower tensorial indices by z.
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We choose as generators of the rational holomorphic functions in the algebraic
modulus:
(5.10) C0 =
αz
1− αz ,
We fix the holomorphic functions appearing in (4.8) which completely fixes the
choice of the generators of the differential ring. We summarize the data for all
four geometries in the following, for the quintic these choices were considered in
Refs. [12, 2, 6], the choices made for the other geometries is similar:
(5.11)
Quintic Sextic Octic Dectic
κ 5 3 2 1
α 3125 11664 65536 800000
szzz − 85 − 32 − 32 − 75
h˜zzz
1
5∆
5
36∆
5
32∆
1
10∆
h˜zz − 125∆ 0 0 0
h˜z
2
625∆
1
648∆
9
8192∆
9
20000∆
kzz
2
25
1
18
3
64
3
100
5.2.1. Higher genus amplitudes. The initial correlation functions at genus 1
are found.4. Starting from these and using the boundary conditions as in Ref. [14]
higher genus expressions are obtained using the boundary conditions. These lengthy
expressions will be omitted.
(F
(1)
t )Q =
(5C0 − 107)G21K0 + 560K2 + 150T2
60G31K0
,(5.12)
(F
(1)
t )S =
(C0 − 18)G21K0 + 6(19K2 + 3T2)
12G31K0
,(5.13)
(F
(1)
t )O =
(C0 − 19)G21K0 + 4(40K2 + 3T2)
12G31K0
,(5.14)
(F
(1)
t )D =
(5C0 − 73)G21K0 + 30(26K2 + T2)
60G31K0
.(5.15)
6. Conclusions
In this note, an overview was given of the construction of special differential
polynomial rings on the moduli spaces of CY threefolds. In special cases, these
coincide with known rings of quasi modular forms, this was illustrated in the ex-
ample of local P2, further examples of local del Pezzo geometries can be found
in Ref. [6] based on Ref. [18]. The appearance of quasi modular forms in higher
genus topological string theory has been a recurrent theme of many works includ-
ing Refs. [8, 10, 11, 16, 1, 5]. The construction of the polynomial rings from
special geometry provides a general setting which includes the known appearances
of quasi modular forms and provides a generalization thereof otherwise. For com-
pact geometries, including the quintic, these differential rings should provide strong
hints of a more general theory generalizing the classical quasi modular forms, this
is also subject of Ref. [19] and subsequent works. Another question that begs for
an explanation is the enumerative content of the Fourier expansion coefficients of
4Subscripts Q,S,O,D are used to denote the quintic, sextic, dectic and octic
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the modular forms, which is different from the expansions giving GW invariants,
for some local geometries this has been addressed for example in Ref. [21].
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